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A STUDY OF THE POSITIONS AND VELOCITIES OF A SPACE STATION AND A 
FERRY VEHICLE DURING RENDEZVOUS AND RETURN 

By JOHN hf. EGGLESTON and HAROLD D. BECK 

SUMMARY 

A study i s  made of the families of nonthrusting 
ascent trajectories of a ferry vehicle during rendex- 
VOUR with a n  orbiting body, referred to as a space 
station. I t  i s  shown that these trajectories may  also 
be interpreted as descent trajectories ?f the ferry .from 
the station to the earth. The rendezvous trajectories 
stari at the end qf the boost period (assumed to 
be 60 m i l r s )  and terminate at the station. The 
equations qf rnotion nrr dericed and results are shown, 
for  two tiypical orbits qf  the station: a 300-mile cir- 
cular orbit and a 100- to 500-mile elliptical orbit. 
Trajectories are &scribed i n  terms qf  a rotating co- 
ordinate system fixed in  the station and launch con- 
ditions are tabuluted i n  terms of nonrotating 
inertial coordinates. 

Boundaries are given in terms of launch (at time 
of booster burnout) and rendexuous conditions .for 
the example cases. The considerations used to cal- 
culate these boiindnries and the signiJicance qf some 
of the trends are discussed. 

INTRODUCTION 

In its (~ssciicc t lie rendezvous problein may be 
for~nulated in tcrnis of two vehicles, the space 
station and the ferry vehicle. The space station 
is in an established orbit. The ferry vehicle is to 
be launclied from soine point on tlie earth and 
placed in a trajrctory which intersects the orbit of 
the space station a t  the same instant that, the space 
station readies this intersection point. An addi- 
tional requireincnt , that the relative velocities of 
the two vehicles be zero at interception, may or 
inay not be imposed. If such a requirement were 
imposed, t he zero relative velocity would ordi- 
narily be obtained just prior to interception by 
terminal thrust control. Although foriiiulated in 
teriiis of the approach of the ferry to the station, 

it is evident that tlie related problenis such as that  
of ejection of the ferry or some other mass from the 
space station so that it arrives above a certain 
point on the earth and the interception of orbital 
bodies do not involve any essential difference with 
rendczvous as described herein. 

One of the primary concerns associated with the 
rendezvous niission is that of achieving once-a-day 
rendezvous capability and still not spending a 
large pcrccnt:lgc of the payload on fuel for es- 
pensive space iiimeuvers. (See ref. 1.) If the 
thrusting nianeuvcrs are to be kept small, the sta- 
tion must be in a favorable position in its orbit at 
the tiiiie the ferry launch site passes through or is 
in the near vicinity of the plane of the orbit. The 
problem may be resolved into two parts: (1) 
placing the station into a desirable orbit so that a 
favorable position of the station near the ferry 
launch site occurs once a day and ( 2 )  extending 
the tinic during which the station is in a favorable 
position to tillow for delays in ferry launch tinic. 

The first of tlicsc problems has been studied in 
references 1 to 4. References 1 and 2 point out 
that, if tlie inaxiniuni latitude of the station is 
only slightly greater than the latitude of the ferry 
launch site, once-a-day out-of-plane launches may 
be made with only a slight reduction in mass ratio. 
References 3 and 4 point out that rendezvous- 
compatible orbits for the station may be obtained 
if the station period is integrally related to the 
rotational period of the earth. 

One approach to the second part of the problem 
is to avoid restriction of the ascent trajectory of 
the ferry to a minimum-energy or Hohmann ellipse 
but to investigate the variations in the ferry trajec- 
tory and in the relative positions of the ferry and 
station a t  the time of launch because of variations 
in  the launch conditions (velocity, flight-path 
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ariglc, and time). The restrictions that rendez- U potential energy 
vous must still be achieved and achieved a t  a AV relative velocilj of ferry with respect 
reasonable cost in mass ratio are then boundary 
conditions of the probleni. This paper is con- V total velocity of ferry vehicle as ob- 
certied with the variations in the trajectories and 
launch conditions which will lead to a successful V,  radial component of I’ 
rendczvous. T’, tangential component of T i  

Wien the various rendezvous trajectories were V e  coinponeiit of V ,  parallel to plane of 
considered, no attempt was made to cliriiinate 
those launch conditions which do riot lend them- Vr component of V ,  perpendicular to 
selves to “safe-launch” trajectories or to the limi- 
tatioris of specific boosters, although such consid- change in the ferry vehicle weight due 
eratiotis should be taken into account for any 
specific rendezvous mission. I47 weight of ferry vehicle 

to station 

served from center of earth 

station orbit 

plane of station orbit 

to fuel expenditure 
AW 

X ,  Y, 2 axes system with center fixed in space 
station. The Z-axis is perpendicu- 
lar to plane of orbit, the X-  and Y- 
axes lie in plane of orbit with Y 
always pointing away from center 
of earth. 

three orthogonal coiiiporicrits of rec- 

SYMBOLS 

Any coiisisteiit set of units may be used for the 
analysis presented herein. In the exaniplcs given, 
i t  is assurned_that - 

g,=32.17 feet per second pcr second 1, Yl 2 
r,=3,960 statutc niilcs 

1 statute iiiile=5,280 feet 
1 foot=0.3048 meter 

seniiiiiajor axis ol elliptic orbit of 

const ant angular 1110 I i ientui 11 per unit 

total energy 
generalized external forces (lift, drag, 

thrust ) 
acceleration duc to gravity 
gravitational cotlstarit a t  earth’s sur- 

altitude above earth’s surface 
unit vectors in direction of X-, Y-, and 

specific impulse 
Lagrangian, defined as T- U 
mass of ferry vchicle 
generalized coordinates in Lagrangian 

distance from space station to ferry 

radial distance measured from earth’s 

coniponents of vehicle thrust acting in 

kinetic energy 
time 

space station 

mass 

face 

Z-axes, respectively 

operation, i=1, 2 ,  3 

vehicle 

center of gravity 

r-, y-, and z-directions, respectively 

a 

P 

Y 

e 

i- 

711 

3 

01 

A 0  

tarigular coordinate system 
angle measured from X-axis to projec- 

tion of relative velocity AV on the 
il 

s,y plane, tan-’ + 
angle between rclntivc velocity AT’ 

,I 

x 

z and the x,y plane, tan-’ ___ \’z@ 
flight-path angle between local horizon 

eccentricity of space station orbit 
separation unglc between ferry and 

orbital plane of station as ineasured 
from center of earth, positive when 
station is on right side of ferry 

angle between orbital planc of space 
station and velocity component V ,  

angular position of space station as 
measured in plane of its orbit about 
center of earth. (In an elliptic orbit, 
8 = 0  at perigee; in a circular orbit, 
8=0 a t  rendezvous.) 

angular position of ferry, measured in 
plane of station’s orbit from posi- 
tion 8=0 

separation angle between ferry and 
station as iiieasured in plane of sta- 
tion orbit from center of earth, posi- 
tive when station is ahead of ferry 

and V ,  positive upward 
I 

I 
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R 
0 

Subscripts : 
a 

e 
f 

P 

L 

max 

c 

0 

.s 

a specific value of time 
total angular velocitj- of space station 
constant chosen to be exactlj- equal to 

0 when space station is in exactly a 
circular orbit 

apogee position 
circular 
earth 
ferry vehicle 
initial values a t  a specific position 
perigee position 
space station 
launch values where launch occurs at 

niaxinium 
end of boost period 

Derivatives with respect to time are denoted 
a0 
at 

with dots over the variables. For example, -=e. 
Vectors are denoted by bold face letters. 

ANALYSIS 

MISSION CONCEPT 

The rendezvous mission is herein separated into 
two major plinses: the rendezvous with another 
vehicle in an established orbit, and tlie return 
from that orbit back to earth. If the problem is 
restricted to a coilsting phase outside of the sensi- 
ble atmosphere of the carth, both problems can 
be studied simultaneously by investigating the 
trajectories in both positive and negative time. 
This approach will be the  one used in this analysis. 

The study is based on the assumption that the 
sp:ice station is in an arbitrary orbit and that tlie 
boost vehicle for the ferry is sufficiently powerful 
to launch the ferry into a variety of coasting tra- 
jectories, one of which is exactly right for the 
rendezvous based 011 the position of the station 
t i t  the time of launch (booster burnout). The 
faniilj- of trajectories to be considered is illustrated 
in figure 1. ,4s one deviates from a Hohinnnn 
ellipse (shown on the left-hand side of fig. l), 
there is a faniily of transfer trajectories with 
apogee greater than the orbital altitude of the 
station or with perigee within the sensible atmos- 
phere. On such trajectories rendezvous is to be 
achieved either during the ascending or during 
the descending ph:tsc of the transfer trajectory. 

The problem investigated is essentially that of 

deterriiiriing the range of conditions over which a 
ferry can be launched nnd cwii still follow a tra- 
jectory which terminates a t  the space station. 
Rather than launch the ferry over a range of con- 
ditions and eliminate those trajectories that do 
not l e d  lo rendezvous, the problem is treated in 
reverse. All calculntions start with the ferry 
adjacent to the station tit time zero. The ferry is 
given an increrncntal velocity component relative 
to the stiltion ttrid the equations of motion are 
solved in negative time for the rendezvous phase 
nnr! in positiw time f9r the rei1:rIl phnsc. ( I t  
will be shown in a subsequent section that with 
the proper interpretation, both results can be 
obtained by considering only one probleni-either 
rendezvous or return.) In all cases the velocity 
and position of tlie fcrry arc cdculated until the 
ferry vehicle renches sonitl reference altitude above 
the earth, taken to tw 60 stntutc miles or until a 
rniniiiiuiii dtitutlc~ is rc:iclietl. The coriditions a t  
tlie 60-mile :iltitntlc iire coiisitlcred Inurich condi- 
tioris for the rendezvous nlission or entry coiiditioris 
for the return iiiissioii. 

The terin launcli is used to refer to the end of 
the boost phase and the  start of the coasting phase 
on the ascent trajectory. Although current boost 
vchicles cannot, in gcIierd, tichieve near-orbital 
velocities at 60 d e s ,  future boost vehicles ap- 
proach this condition. Reference 5 describes the 
desirability ol iicliieving booster burnout a t  an 
altitude (above the aitiiiospliere) as low as possible 
and coasting up to orbit111 altitude where A siiiall 
:idtlition:il velocity is iipplietl for injection into 
orbit. 

In this study it is not rc~quiretl that the relative 
velocity between the two vehicles be zero a t  the 
time of rendezvous since i t  is Hssurned that thrust 
control will be employed during the terminal phase 
to insure that the relative velocity and displace- 
ment are brought to zero simultaneously. How- 
ever, in establishing the ground rules for this 
stud>-, i t  is considered that this velocity correction 
should be of reasonable magnitude and should 
require a discharge of miss that would not exceed 
10 or 15 percent of the ni:iss of the launched ferry 
vehicle. 

It is further assumed that the trajectories of tho 
two bodies (the station and ferry vehicle) do not 

1 A transfer elhpse having a perigee at 60 miles and an apogee at  300 miles 
abovr thr rnrth w l l  r~qii ire  n 3% feet per second increase in vebcity for 
injection into a 300-mile circular orbit. With ISp of 250 seconds, this value 
represents a minimum reduction in mass of about 4.0 percent. 
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FIGURE 1.-Three typical trajectories of a ferry during a rendezvous with an orbiting space station. Upper figures 
show the trajectories as seen by an inertial obscrvcr; lower figures show the trajectories as seen by a n  observer in 
the space station. Station coordinates are X and I ;  AI7  is the relative velocity of the ferry with respect to  the 
station at  the time of rendezvous. 

have to be in the same plane at  the time of 1tiunc.li 
but their planes should intersect prior to or at the 
point of interception. The alternative (where the 
ferry is injected into :in intersecting orbit) would 
make the injection guidance more difficult and the 
out-of-plane correction after injection more expen- 
sive. Therefore, in this study the relative velocity 
vector of the ferry vehicle a t  interception does not 
necessarily lie in the plane of the station’s orbit. 
The implication in these last two assumptions is 
that terminal and probably midcourse guidtinw 
will be available to produce minor modifications 
to thc nominal coasting trajectories obttiiiied 
herein. 

EQUATIONS OF MOTION 

Thc equations of motion employed describe the 
motions of a mass, the ferry, moving in a radially 
symmetric gravitationtil field whose center is the 
center of the earth. The motions of the mass lire 

measured in a rotating set of coordinates whose 
origin is located a t  the center of the space station. 
The space station moves itbout the center of the 
gravitational field in :L Keplerisn trajectory :kt an 
angular velocity of 8 which is a constant w only 
if the trajectory is a circle. The coordinate 
system moving with the station is composed of II 

rectilinear set of axes with the Z-axis normal to 
the orbital plane. The X -  and I--axes are rotated 
about the Z-axis a t  the same angular velocity 
6 so that the Y-asis alwuj-s points away from the 
center of the earth. A schematic drawing of the 
coordinlites of the problem Are shown for the 
station in a circular orbiL (fig. a ( % ) )  and in an 
elliptic orbit (fig. 2 (b)). 

‘rhe equations of motion of a mass with respect 
to a coordinate system fixed in a space station 
moving in a noncircular orbit (the more genrrtil 
cnse) are derived in nppcndis A. The variations 
of the station coordiniites iind 8 are then 
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, > m  

(a) Station in circular orbit. 
(b) Station in elliptic orbit. 

FIGURE 2.-Coordinates employed in describing the mo- 
tions of mass m in the space-station coordinate system. 

described by the Keplerian equations of motion 
for which the solutions are well-known. For the 
special case where the space station is in a circular 
orbit and r ,  and 6 are constants, the equations 
of motion reduce to a form given in appendix 
B. Also given in appendix B are some approxi- 
mate solutions to these equations which may be 
used when the distance from the mass to the 
origin of the coordinate system is small compared 
with r,. These approximate solutions were re- 
ported in references 6 and 7. Since neither 
referenre 6 nor reference 7 gives the derivation, it 

has been included in appendixes A and B. 
The inertiul position and velocity of the ferry is 

also important for various purposes such as the 
calculation of launch conditions. Transforma- 
tions for the position and velocity data from the 
rotating orbiting frame of axes to the nonrutating 
earth-fixed axes tire given in appendix C. 

DESCRIPTION OF MOTION 

Since the motion of a body with respect to a 
rotating coordinate system moving in a central 
- gravity field has certain iiniqiie rhnmcferbtics, 
some description of that motion is given. Con- 
sider a t  time zero a mass located at the center 
of the rotating coordinate system where the 
system is moving in N, circular orbit. If that 
mass has an initial relative velocity AV in the 
plane of the orbit, the mass will at subsequent 
times move out from the origin on a curved path. 
This condition is illustrated in figure 3 for the 
case of the coordinate system moving counter- 
clockwise in a circular orbit of radius r,=4,260 

5 t  

- 5 1 L L L L L 2 ! ? L  -6-5 -4 -3 -2  -I 0 I 2 3 4 5 

I. miles 

FIGURE 3.-Trajectories of a number of point masses 
ejected from the center of the rotating coordinate system 
at  t = O  (e=O), each with a total relative velocity of 
10 feet per second, but with different velocity compo- 
nents. The solid lines are discrete trajectories; the 
dashed lines are the contours of the positioiis of Llie 
masses a t  subsequent positions of the coordinate system. 
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miles out from the center of the earth (h,=300 
milrsj. In fiAwre 3 trajrctorirs are shown for 
the mass with several different combiniitions of 
iiiitial velocity components. 111 each case the 
total rcltitive velocity is 10 feet per second. The 
angu1:ir velocity of the coordinatc s p t c m  w is 
constant so that the subsequent position of the 
mass is defined a t  any time t when the coordinate 
system has moved wt=0 '  around the earth. 
Dotted lines have been used to join the positions 
at certttin values of 8 up to 0=90'. It can be 
seen that, if II mass has a re1;itivc velocity rtidially 
outward from the earth (along the Y-inis so that 
io=(), I j o = l O ) ,  then, as its r:di:il distance from 
the center of the earth becomes lnrgcr, tlir angular 
\-clocit)- of the mass beconics less t l i i i t i  that of 
the coordinate system, : ~ n d  the mass mows up 
and behind the coordintttc system. Liltewise 2% 

m:iss liiivirig it relative velocit,v iiloiig t h e  positive 
X-:isis (k0= 10, I j o = O )  will iiiitiidly tiiivc II lower 
angu1:ir velocity than t t i e  coordiii:itc system :tnd 
will move biIcl< iiiid below t tic c-ooiditi,itc system. 
As ttic miiss moves closer to tlir ciirtti, t l i c  :tngul:tr 
velocity incre:iscs t i r i d  the mass moves :ilie:td of 
the roordinsxte system. For ot1ic.r cwnhiniitioiis 
of E iind the mass will follow siniiliir triijwtories. 
Tlic locus of points on these tr:ijtv*toi.ic.s ;it equ:il 
v:iluc~s of time (or e), sho~vn 1 ) ~ -  tlie tltistietl liiics 
in figure 3 ,  is first a circular pnttcrn :mtl later an 
ellipticitl pattern about the coortlinate center. 

It would appear that the trajcctorics of figure 
3 arc antisyniiiietric. For sninll rclat ivc. velocities 
and values of @=ut, this is approsiiiiately true. 
Howev~r ,  thc spherically s>-iiitiictric. grayity field 
changes this condition; thus, t h  motions are 
actually antisynmetric abou t a c.urvilinear coor- 
dinate systeni defined b ~ -  the  Y-axis and the line 
of constant r,e as shown in figure 4. 

The effect of this spherical gravity field on the 
motions of a mass is sho~vn in figure 5 for two 
special cases. I n  figure 5(a) t h e  iiiass has an 
initial velocity of 400 feet pcr second directed 
along the Y-axis of the coordinate system. In  
figure 5(b) the mass has the sanie velocity but the 
velocity is directed along the positive X-axis of 
the coordinate system. Shown on the left-hand 
side of figure 5 are the relative niotions of the mass 
and the coordinate system as seen by an inertial 
observer. On the right-liand side the same tra- 
jectory is shown as viewed 1))- an observer in the 
ccntcr of the coordinate systciii. In  order to 

'I 

siniplifl- the definition of the direction that AV 
nialies with tlic coordinatc system, the aiigles a and 
p are introtlucctl aiid are defined as 

ii 
a= tan-' - x 

Thus, p is t l i c  angle that AV iiiakcs with the 
z,y plaiic of the  coordinate systcni and (Y is the 
angle that the in-plane component of AI7  iiiakes 
with t l i c  x-axis. If AV lies cntircllj- i i i  thc plane 
of the orbit of the coordinate system (z=Z=O), 
then a is siiiiply the angle that AI' rilakes with 
ttic x-axis. 

In figure 5(a),  tlie value of a is 90' arid tlie 
trajectory starts at 8=0'. The trujc,c.tory of the 
mass is an ellipse with apogee at @=goo and 
perigee at 0=270'. When 8 is 360', tlic mass 
lias returned again to the center of tlie coordinate 
system. I n  this special case, the mass had the 
same orbital period as the coordinate system. 
This condition is the result of assuming a spherical 
gravity field. If the oblateness of the earth were 
taken into account, the orbital periods would not 
be the same. I n  a spherical gravit3- field this con- 
dition is always true for an)- relative vclocity of 
the mass, when the angle a is equal to 90' or 270'. 

The 
trajectory starts with 8=0° and the inertial 
velocity of the mass 400 feet per second less than 
that of the coordinate system. Because of this 
smaller inertial velocity, the centrifugal force of 
the niass is less than that of' the coordinate system 
and the mass initially falls behind and below. 
The period of thc mass is shorter than that of the 

Figure 5(b) shows the case where a=0'. 
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0 = 90° 

I - . -h = 60 miles 
~ 

-600 ! I I I I I 

0 = 180' 

I 

8 = 180' 

-0 = Oo, 360° 

8 = 270' 

'"r 0 = SO" 

v) 

P 8.00 e = 1800 
jOo 

- 50 -F 
I 0 = 276" 

I 1 
100 200 300 

-loot, 
x, miles 

200 r 

(a) AV=400 feet per second; a=90°. 

(b) AV=400 feet per second: a = O " .  

FIGURE 5.-Tno typical trajectories of a mass which at t = O  (e=O) was at the center of the coordinate systpin and had 
Trajectories are shown as viewed by an inertial a relative velocity AV, which made a n  angle a with the X-axis. 

observer (on the  left) and an observer in the  center of the coordinate system (on the right). 

coordinate system in this case; therefore, after the 
coordinate system has made one complete revo- 
lution about the earth, the mass is roughly 1,200 
miles ahead of the Y-axis and 180 miles below the 
X-axis. Because of the curvature of the earth, 
however, both the mass and the coordinate system 
are at approximately the same altitude of 300 
miles. The curvilinear coordinate r,e is shown 
in figure 5(b) as the line of constant h, which is, 
in this case, 300 miles above the mean earth. 

COMPARISON OF MOTIONS OBTAINED FROM EXACT AND 
APPROXIMATE EQUATIONS 

Since the equations of motion of a mass in terms 
of the rotating coordinate system are amenable to 
approximate solutions, it may be desirable a t  this 
point to examinc the iiiotions as computed from 
the approximate equations and to consider whether 

597S70-61--2 

motions so calculatcd are satisfactory for use in 
the problem undcr consideration. 

I n  appendix B, approximate solutions are ob- 
tained for the case where the coordinate system 
is in a circular orbit. The approximate equations 
were obtained b_v expanding the gravity term into 
a Taylor series (in powers of 2, y, and z) and drop- 
ping all terms higher than the first order. The 
effect of this approximation on the calculated 
motions of the inass is illustrated in figure 6. At 
t=O the mass was at  the center of the coordinate 
system and had a relative velocity of 200 feet per 
second in the direction a=45O. Subsequent tra- 
jectories were computed in both positive and 
negative time by using both the approximate and 
the exact equations of appendix B. In  the upper 
half of figure 6 is shown the variation of y with z 
of thc trajcctory in tcrnis of the rotating coordi- 
nate system. Shown in the lower half of figure 6 
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100 r 

- _ _ _ _  Approximate 
Exact - t  -- - 

1 ~~ -~~ i 
200 400 600 800 1,000 

- 200 I 
- 400 - 200 0 

x. miles 

400 

c. c 

,--. 
/ 

/ 

I , I 1 I 
400 200 0 - 200 - 400 - 600 -800 - 1,000 

0 = u t ,  deq 

FIGURE 6.-Coinparisoii of two trajectories obtstiiied by solving exact and approsirnatt. rqriatioiis of motion iii both 
At t=O both tlic approximate and the exact equationh had thc saiiiv initial coiiditions: positive arid negative time. 

AV=200 feet per second, 0r=15', p=O". 

s the variation of the altitude of the Iiiass desig- 
nated as hn the distance above the niean surface 
of the earth. It m a -  be seen that, for values of 
le1 5 goo, the differences between the approximate 
and exact solutions are fairly small. By the time 
the coordinate system has macle one coiiiplete 
revolution about the earth, it may be seen that 
the differences between the two solutions bcconie 
very large. Within the first order oi magnitude, 
this error is directly a function of e and not of 2 
or y. The trajectory of the mass as coiiiputed by 
the approximate equations appears to be the result 
of a gravity field parallel to the Y-axis. The 
approximation that thc gravity field is parallel 
while the earth arid actual gravitational field are 

curved results in an apparent iiicreasr in h, witli 
each orbital revolution. With these approximate 
equations, errors in velocity arid acceleration are 
obtained similar to those obtained in the position 
of the mass. 

From this cursory extimination, it would tLppectr 
that motions obtained from the approximate 
equations are usually adequate when the mass is 
in close proximity to the cooidiriatc s j  stcrii ciiicl 

8 is less than, for example, 90'. However, for 
the case under consideration 8 tind the separation 
distance may become relatively large, and it would 
appear that motions computed from the approxi- 
mate equations would not be sufficiently accurate. 
Therefore, only the exact equations arc used in 
the subsequent sections of this paper. 
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SOLUTIONS OBTAINED IN POSITIVE AND NEGATIVE TIME 

In  order to obtain a rendezvous between a 
space station dread>- in orbit and a ferry vehicle 
which is launched from the earth, the ferry vehicle 
must be put onto R trajectory which intercects or 
rieiirly intersects the orbital track of the space 
stiltion. Likewise, when the ferry leaves the space 
station for the return trip to some desired landing 
site on earth, i t  must be put onto a trajectory 
which intersects the earth's atmosphere at  some 
predetermined position. Both trajectories may 
be cnmputec! hy placing the miss, -&ich JE this 
case is the ferry, a t  the center oi the stntion's 
coordinste system and running the problem in 
ncgittive or positive time. Figure 7 illustrates 
two such trajectories calculated in both positive 
niid negntive time. 

One trajectory, shown in figure 7 with a solid 
line, represents the trajectory of the ferry vehicle 

for the case where AV was 200 feet per srcond and 
a was - 135' a t  t=O. It may be seen that for both 
positive and negative time the trajectory of the 
ferry was at  a greater orbital altitude than that of 
thc space station. Ticks have bcrn placed on the 
trajectory for every integral multiple of e of goo, 
that is, every quarter revolution of the st a t' ion 
about the earth. Although not shown, a tra- 
jectory obtained for a= 135' also slzowed the 
stime churacteristic of moving away from the 
earth in either positive or negative time. 

lllcl IlcbJcbLVIY 3 1 1 u W I l  W I ~ , I I  the clashed h e s  ia 
figure 7 is a case where again AV=200 feet per 
second but a=45' a t  t=O.  In this case the 
ferry rcacliecl a perigee altitude of 200 miles 
nbovc the surface of the earth. This same 
perigee altitude was obtained for trajectories 
calculated in both negative rind positive time and 
for a= -45' ILS ivell as for a=45O. Although' this 

TL,, +,.',;nn+-..TT -I,----- - A L L  

x ,  miles 

t I 

- t  
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altitude is still above that usually used to define 
the upper limit of the earth's atniosphere, the 
important point is that, when la\ was 45O, the 
ferry moved toward the earth, and, when JaJ was 
135', the ferry moved tiway from the etirth. 

A general rule may be stated here for the case 
of a station in a circular orbit: For either reii- 
dezvous or return trajectories and for a given 

positive time) are symmetric reflec~tiolrs (about the 
Y-axis) of the rrndezvous trajectories. Thus tlic 
rendezvous trrtjectories to be shown can d s o  be 
interpreted as return trajectories bv simplS rrvers- 
ing the dircction of AV and tlie direction of the 
station rotation. This interpret:itioti is illustrttted 
in figure 8. With this interpretatioti the launch 
conditions discussed for the rendezvous mission 

relative velocity AT' u t  the time of intersection of 
the station and ferry, the trajectory leading to 
the smallest perigee will have a relative velocity 
AV which makes a11 tingle a=O0 with respect to 
the X-axis (that is, the case where the trajectory 
of the ferry is a Hohmtinn ellipse). As la\ in- 
creases, tlic perigee altitude will increase until zit 
la1 = 180' the perigee altitude of the ferry is equal 
to the orbititl altitude of the sttttion. Thus, if the 
ferry is to go from the station to the proximity of 
the earth, or vice versa, with a near-minimum 
amount of energy, the relative velocity n t  the time 
of intersection will be in the first or fourth q u d -  
r m t s  (-90'<(~<90~).  If AT' is l uge  enough 
and lies in tlic second or third quwdrtints, close 
proximity to the enrth can be achieved but the 
inertial velocity will nlwitys be larger t l im il' AV 
were in tlie first or fourth qu:tdrmts. 

In the ciise of a= -135' in figure 7, it mtty bc 
seen t h t  t h c  trrtjectory h;td a prrigec only t i  fcw 
miles closer to the earth than the altitude of the 
sttition. In the case of a=4.5', perigee wns 100 
miles closer to the earth. The same would he true 
for a=135' rind a=-45' .  Therefore, most of 
the. trajectories studied in tlie remainder of this 
ptipcr will be those wlicre (Y lies in tlic first or 
fourth qu:tdr:mts (1.11 590'). 

RESULTS 

By using the equations derived in appendises 
A, B, and C, nunierical results have bccn obttkincd 
for two particular orbits of a space station. In 
thc first case, the station was assumed to be in 
a circular orbit 300 miles above the earth. In the 
second case, tlie station was assumed to be in 2iii 

elliptic orbit hnving a perigee of' 100 miles cincl 
an npogcc of 500 miles so that the nominal orbitti1 
altitude mits ROO miles. Only results tor the 
rendezvous mission ;ire shown ancl discussed. 
However, tlic tissoc-iiitetl case of the return trrijec- 
tor)- of tlic i'erq- from the station to the earth 
(obtained hy solving tlic equiltiolls of motion in  

Direction of 
station rotation 
n 

I Y  
AV cos B 

X 

Direction of 
st at ion rotaf ion - 

X 

AV cos ,"I p 

h = 60 miles -__--- 
/ 

(a) Rendezvous. 

(b) Return. 

FIGURE 8.-Reiidezl-ous and wt I I ~ I  t r a jwto rks .  
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can be also treated as the entry conditions for the 
return mission. 

STATION IN A CIRCULAR ORBIT 

The trajectories leading to rendezvous of a ferry 
with the space station in a 300-mile circular orbit 
were obtained by placing the ferry tit the center 
of the station's coordinate system at  t = O  and 
solving the equations of motion in negative time. 
Five cases of relative velocity AT7 were studied: 
200, 400, 600, 800, arid 1,000 feet per second. The 
angle CY was varied from -90' to 90'. The results 
of these trajectories are shown in figures 9 to 13. 

Coplanar trajectories.-The first trajectories 
presented are those obtained for the case whcre 
the entire motion of the ferry vehicle takes place 
in the plane of the station's orbit. Shown in figure 
9 are a number of typical trajectories where the 
motion is described in t'erms of the x,y coordinate 
system of thc station. It was assumed in tliese 
trajectory calculations that booster burnout oc- 
curred just above the sensible atmosphere of the 

100. 

- 200 ' 

0 

a , d e g  6 ~ .  d e g  
20  -147.05 

0 -141 .37 
~ 20 -162.63 

earth, an altitude which was chosen to be 60 miles. 
Those trajectories which intersect the 60-mile alti- 
tude were considered to be possible rendezvous 
trajectories. Ticks are placed on the trajectories 
at this point. The results for the case of AV=ZOO 
feet per second are not shown since none of the 
trajectories constitute possible rendezvous trajec- 
tories from a booster burnout altitude of 60 miles. 
From orbital mechanics calculations i t  may be 
shown that the minimum injection velocity (that 
is, closing velocity) is approximately 360 feet per 
secnnd for the in-p!~,ne esse censidcrccl. Ir, Egure 
9(a), AV-400 feet per second and trajectories 
having an jal520" are shown to be possible ren- 
dezvous trajectories. For ( C Y \  130",  rendezvous 
trajectories from an altitude of 60 miles were not 
possible. Figure 9(a) illustrates that a t  booster 
burnout the ferry can be anywhere from 335 to 
415 miles behind the space station, a spread of 80 
miles. Since the station is traveling s t  II rutc of 
approximately 5 miles per second over the surftice 
of the earth, this distance represents a spread in 

YL I deg 
0.58 

.98 

.64 

V,, f t / s e c  
26, I I 3.8 
26,090.8 
26,l 12.9 

I AV \ f 

1 I L I - _ I  
100 200 300 400 500 600 

x, miles 

(a) AV= 400 feet per second. 

FIGURE 9.-Variation of y with z for a series of trajectories of a ferry vehicle during rendezvous with a space station in-a 
All 

Ticks are used to  denote those trajectories which start a t  a 60-mile 
3oo-iiiilc circu1:tr orbit. 
trajeeluries :ti-(' in the orbital piane of the station. 
altitude. 

The ferry intersects the space station with a velocity AV and an angle of closure a. 
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- 200 i 

' (b) 
-300 1 

- 200 - 100 

a. deg 

50 
40 
30 
0 

- 30 
-40 
-50 

BL, deg 

- 107.02 
-98.20 
-93.60 
-99.74 

- 126.91 
- 142.92 
-168.13 

7,. de9 

I .25 
I .74 
2.2 I 
2.62 
2.1 7 
I .05 
1.26 

V,, ft/sec 

26.1 10.0 
2 6,030.6 
2 5,900 .O 
2 5,902.4 
2 5,900.4 
2 6,037.5 
26,l 10.0 

x, miles 

(b) ATr=GOO fcct per sccond. 

FIGURE 9.-Contiiiued. 

launch time of 16 seconds. Thus, as the angle 
of closure a opens up, so does the range of launch 
conditions and launch times. A similar analysis 
may be made from figures 9(b), 9(c), and 9(d) 
where AV equals 600, 800, and 1,000 feet per 
second, respectively. 

Also shown in these figures is a tabulation of 
the launch conditions for each of the possible 
rendezvous trajectories. For each of these trajec- 
tories is listed the inertial velocity and flight-path 
angle of the ferry at launch, and the positional 
angle of the station a t  the time of launch OL. By 
definition, 8 a t  rendezvous is equal to zero. Again 
referring to figure 9(a), it may be seen from the 
tabulated data that from the time of booster 

burnout to the time of rendezvous the space station 
travels between 147O and 16Z3 around the earth. 
These values of launch conditions were obtained 
by simultaneously computing the inertial velocities 
by the method described in appendix C and by 
interpolating between the iiumerical data points 
to obtain the values a t  approximately 60 miles. 

The trajectories were initially obtained a t  in- 
crements of cy of 30'. In  order to investigate the 
trajectories that lay between possible and not 
possible rendezvous trajectories, additional inter- 
mediate cases were also calculated in 10' incre- 
ments. Thus, the pattern of values of a investi- 
gated for any one case may be irregular. 

i- 

100 
, 

200 300 
- 
400 



I O 0  

VL, ft/sec 

70 - 120.08 0.04 26,220.8 
60 -86.22 I .69 26,101.3 
30 -74.43 3.20 25,81 8.3 
0 - 82.96 3.59 25,7 14. I 

a. deg @L. deg YL, deg 

~~ l---- I I I 
0 I O 0  200 300 400 500 

x ,  miles 

I -L-L 
-400 -300 - 200 -100 

I 

I 

(d) AV= 1,000 feet per second. 

FIGURE 9.-Concluded. 

a, deg @L, deg YL, deg VL, f t l sec  

70 -77.28 I .36 26,163.6 
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I n  figure 10 the variation of range rate with 
range is shown for thc samc trajectories that were 
treated in figure 9. Ticks are again put on the end 
of each trajectory a t  the point where it intersected 
an altitude of 60 miles. It is of interest to note 
the wide variation of range rate with range between 
the trajectories which led to rendezvous. At clos- 
ing velocities of 800 and 1,000 feet per second, one 
or more possible rendezvous trajectories achieved 
a positive value of range rate somcwhcre during 
the trajectory. This condition means that, for 
R while, the ferry vehicle was moving away from 
the space station. Such a phenomenon occurs 
when the ferry vehicle occupies a position ahead 
of and above the space station and rendezvous 
occurs on the descent from apogee. This condition 
leads to a large negative value for a. (See cases 
illustrated in fig. 1 (b).) If a display of range ritte 
against range were the only information supplied 
to a human pilot during the midcourse phase of 
rendezvous, such a trajectory as this might lend 
to some consternation and doubt that rendezvous 
would indeed occur. 

- 800 

r 2 -1,200 

-2,000 

-2,400 

0 -2,800 
'--. . -0 u ---___I 

100 200 300 400 500 600 
R, miles 

(a) ~ V = 4 0 0  feet per second. 
FIGURE 10.-Variation of range rate with range for a ferry 

vehicle during rendezvous with a station in a 300-milc 
circular orbit. All trajectories arc in the orbital plane 
of the station ( p = O ) .  

50 .- - - - - 

I - !  I 
0 IO0 200 300 400 500 

-2,800 

R, miles I 

(h) aT-=600 feet per second. 

FIGURE lO.-Contiiiued. 

I n  all cases i t  riiaj bc- noted that range rate 
was essentially constant during thc last few miles 
before rcridezvous. This condition, which is 
synonymous with a collision course, is found to he 
of interest in the terminal phase of a rendezvous. 
Such a condition is illustrated in figure lO(e) for 
the case where the closing velocity was 600 feet 
per second. Shown in figure 1O(c) is an enlarge- 
ment of the last 60 miles for three of the trajec- 
tories shown in figure 10(b). It may be seen that 
during thc last 60 miles the largest variation in 
range rate for any of the trajectories was 125 feet 
per second. In the last 12 rnilcs (at a closing 
velocitv of 600 feet per second, this value represents 
about 100 seconds of time) changes in range rate 
are virtually undetectable. Although the distance 
a t  which this condition occurred varied with the 
rate of closure, this trend is essentially the same 
whenever the ferry vehiclc is on a collision course 
with the station. 
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: -400- 
: 
*k* -600 

v) 

r 
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I ( d i  , 
L- 
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- 2,8ooO 
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- 

(e) 
I I I -1.- 

(c) AT’=SOO feet per second. (d) AT-= 1,000 fret per second. 

FIGURE 10.-Continued. FIGCRE IO.-Coiitiiiricd. 

Out-of-plane trajectories.-A nun1ber of the 
trajectories described in the previous section were 
also calculated with an initial out-of-plane velovitj-. 
For an in-plane velocity of 400 feet per second and 
a closing angle (Y of 0’ trajectories were obtained 
with values of Z at  rrntlezvous of 200, 400, and 
600 feet per second. ‘I’hese values of i reprcsclnt 
/3 angles of 2 6 . 6 O ,  45.0°, and 5 6 . 3 O ,  respectively. 
These three cases arc shown in figure 1 l (a )  in 
plots of y against 2 and y against 2 .  I t  may be 
seen that each 200 feet per second of lateral 
velocity represents a inaxiniutn change in out-of- 
plane distance of about 34 miles. I t  niay also be 
seen that the variation of 7~ with x is virtuall)- 
independent of any variation in z .  The approxi- 
mate equations of motion derived in appendix B 
resulted in solutions where z was independent of 
2 and y. The results of figure l l ( a )  indicate that 
the approximation (that z is independent of z and 
y) is fairly accurate, at least for half an orbital 
period. As a result of this condition, equation 

5 9 7 8 7 W 6 1 4  

-200 t 
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- 300 

B, deg i. f t l sec  AV, f t l s e c  9 ~ .  deg Y,. deg 

26.6 200 447.2 - 140.95 0.99 
45.0 400 565.7 -142.08 .95 
56.3 600 721. I -I 44.00 .90 

( 0 )  
I I 

VL, f t lsec 

26,091.0 
26,093.8 
26,097.6 

100 

0 

YI Q) - ._ 
E -100 
< 

- 200 

- 300 
- I  I 

Y 

I I 

100 200 
2, miles 

(a )  Al'cos p=400 feet per second; a = O .  

FIGURE 11.-Variation of out-of-plane trajectories in terms of z and y and z and y for the case of a ferry during rendezvour 
nit11 a station in a 300-milc circular orbit. 

(B8) of appendix B niay be used to compute a 
relationship for the iiiaxiiiiuiii out-of-plane dis- 
tance obtaiiic~d. For a given orbital angular veloc- 
ity of the station w and a given out-of-plane 
velocity Z ,  evaluated at the time the ferry passes 
through tlie orbital plane, the inaxinium out-of- 
plane distance that can be obtained is 

The physical analogy here is the siiiiple harmonic 
motion of an undamped inass-spring system having 
a natural frequency of w. The motion takes place 
normal to the plane of the orbit and the total 
energy of this motion is conserved. Thus, the 
inaxirnuiii kinetic energy ( Z  is a rnaxiniuni when z 
is zero) is equal to the inaxiinuni potential energy 
( 8  is a maximum when Z is zero). 

In  the second example considered, the in-plane 
velocity was 600 feet per second and the out-of- 

plane velocitj- was 200 fcct per second. These 
trajectories are shown in figure I l (b)  for values of 
(Y of SOo, Oo,  ant1 -30'. Similar trajectories are 
shown in figure 11 (c) where the out-of-plane 
velocity was 400 leet per second. A case was 
also calculated where the in-plane velocity was 
800 feet per second and tlie out-of-plane velocity 
was 200 feet per second and this case is shown in 
figure 1l(d) .  It may be seen in each of these 
cases that the aforementioned approximate rela- 
tionship between zmaz and Z ,  is valid for the selected 
range of values of the in-plane component of the 
closing velocity AV cos 0. For each of these 
trajectories the angular distance traveled by the 
station, the launch velocity, and flight-path angle 
have been recorded in the figure. The reader 
should be cautioned, however, against a close com- 
parison of these numbers with those given in 
figure 9, since in both instances the numbers were 
obtained by interpolating between numerical data 
points. 
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FIGURE 1 1  .--Continued. 
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FIGURE 1 1.-Continued. 
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a. deg 8, .  deg Y,, deg V,. f l / sec  

26,22 I .4 
0 -82.92 3.58 25.7 14.8 

-70  -227.55 . I O  26.22 I .5 
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(d) 4V=824.6 feet per second; o= 14.0” (AVcos p=800 feet per second; AVsin 8=200 feet per second) 

FIGURE 11.-Concluded. 

Boundaries of launch and rendezvous con- 
ditions.-In the discussion of the foregoing 
trajectories, it was noted that, under certain 
launch conditions and along certain trajectories, 
rendezvous could be achieved with a station in a 
300-mile circular orbit. With the orbit of the 
station and the launch altitude specified, the con- 
ditions at launch and at rendezvous will lie within 
certain definite boundaries. There are a number 
of ways of plotting such boundaries. If one con- 
siders the in-plane and out-of-plane motions as 
bcing indcpcndent and their effects additive, the 
boundaries of launch arid rendezvous conditions 
may he plotted as a function of the angle of closure 
a. Also of interest is the range of launch velocity 
and flight-path angle conimensuratc with a given 
closing velocity. Plots illustrating these varia- 
tions are given in figure 12. 

If a limiting value of in-plane closing velocity 
AV cos p is specified, the range of conditions at  
launch (V, and yL) which will achieve rendez- 
vous without exceeding the selected limiting value 
of closing velocity may be obtained from figure 
12(a). The region of possible launch conditions 
is represented by a half-crescent-shaped area de- 
fined by the three lines: the specified maximum 
allowable value of AVcos 0, the axis yL=Oo, and 
the line a=Oo. Also plotted in figure 12(a) are 
lines showing the angle of closure (Y corresponding 
to the various combinations of permissible launch 
conditions. Positive values of CY result when 

AV cos p, f t lsec 

,c’l,ooo 
,/’ , . - 800 

, >  

S’ 25,800 

25,600 

60” 

YL , deg 

(a) Variation of the launch conditions showing lines of 
constant in-plane closing velocity and lines of constant 
in-plane closing angle. 

FIGURE 12.-Boundaries of ferry launch and rendezvous 
conditions for the case of a station in a 300-mile circular 
orbit. Launch refers to  the condition of boost burnout, 
which is assumed to  be 60 miles above the surface of the 
earth. 

rendezvous is achieved in the ascending phase of 
the transfer trajectory (see fig. 1) ; negative values 
are associated with rendezvous in the descending 
phase. 
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The line a=O0 is not a physical boundary but 
rather a line of symmetry. The two physical 
boundaries are lines of constant AV cos p and the 
line of yL=Oo. The iiiaxiniuni allowable AV 
cos p is a measure of the maximum fuel carried by 
the ferry for injection into orbit. The region 
-yL<Oo is excluded since a fcrrj- launched at 60 
miles with a sufficiently small negative flight-path 
angle would reach a perigee within the atmosphere 
and again pass through the 60-inile altitude with 
a positive flight-path angle. It is this positive 
flight-path angle and the associated velocity which 
inust fall within the specified boundary. (If the 
launch altitude were sufficiently large so that drag 
could be ignored, the magnitudes of y and of V 
would be unchanged and yL=Oo could be treated 
as a line of symmetry. The launch times, how- 
ever, would be diff erent .) 

Figure l2(a) also illustrates that, if oiie specifies 
the (circular) orbit of the station and then specifies 
two of the variables, for example, I.\ and yL,  the 
trajectory conditions of the ferry as it passes 
through the orbital altitude of the station are fixed. 
(The quantities AV and CY will be significant only 
if the station happens to be a t  the intersection of 
the orbits a t  that time.) Because of this restric- 
tion, the relative position of the two bodies a t  the 
time of launch is a dependent variable and cannot 
be independentlj- chosen. Thus, there are only 
two independent variables to the problem once 
the station's orbit is established. However, those 
two variables do riot have to  be VL and yL. For 
launch guidance one inay prefer to specif? a iiiaxi- 
iniiiii value ol AV and a measured position of the 
ferry and then adjust the burnout conditions of 
the boost vehicle to satisfy tlie rendem-ous 
conditions. 

The effects of time 011 the launch coiiditions are 
covered in a subsequent section. Although figure 
12 (a) shows the necessary launch arid correspond- 
ing rendezvous contlitions jointlj-, additional in- 
sight into the boundaries may be obtained by cross 
plotting several of the variables. (See figs. 12(b) 
and 12(c).) 

In figure 12(b), the launch velocity and flight- 
pat11 angle are plotted as a function of tlie angle of 
closure CY.  The boundaries of acceptable launch 
conditions lie between the line yL=Oo and the 
iiiaxinium allowable value of AV cos p. Only half 
the boundaries are shown since + a  is plotted on 
the abscissa. The contours indicate that, for a 

26.400r 

I I P 

5r AV cos p .  f t / s e c  

,,AV cos p =  Constant 

( b )  

90, 
* a , d e g  

(b) Bouiidaries of inertial velocity and flight-path angle of 
ferry at time of launch as required for rendezvous. 

FIGURE 12.-Continued. 

given vahc  of the in-plane closing velocity Ab' 
cos 0, V, is a iiiinimiini arid yL is a inaxiniuni a t  
01=0'. As I C Y \  is increased, VL increases and SL 
decreases. 

In figure 12 (c) the relative in-plane closing 
velocity and the ferry flight-path angle yI a t  ren- 
dezvous are plotted as functions of C Y .  Again the 
appropriate boundaries or contours are marked. 
The variation of AV cos p with CY is syriimetric 
about the line 01=0' while the variation of yr 
with CY is antisj-nniictric (positive yf with positive 
0 1 ) .  These boundaries show that, for a relative 
in-plane closing velocity of 400 feet per second, 
the angle of' closure iiiust lie between 3125' and 
the [yrI must lie in a very narrow corridor between 
0.38' and 1.0'. At a relative closing velocity of 
1,000 feet per second, the relative angle of closure 
may  be a s  miich as +78' and the flight-path angle 
may be as much as 12.23'. 
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(c) Boundaries of tlir relative closing velocity and flight- 
path angle of the ferry a t  the time of rendezvous. 

F I G ~ R E  l2.-Concluded. 

'Vhe boundaries given in figure 12 were ob- 
tained from two sources : the trajectories computed 
by the equiLtioris of motion of appendix A and the 
well-known closed-form solutions to Kepler's 
equtttions. The results obtained by the two 
methods were checked, one against the other, for 
possible errors. Since similar boundaries for any 
specified orbit may be computed with fairly simple 

employed in their development are given in 
appendix D. I t  should be noted that these calcu- 
lated boundaries do not involve the out-of-plane 
component of the closing velocity nor do they 

equu tions, these equations and the consider 11 t' lolls 

involve the position and velocity as a function of 
time. For instance, the relative positions of the 
station and the ferry at any given time cannot be 
calculated in closed form. 

Variation of conditions with launch time.- 
For any given position of the space station with 
respect to the ferry at the time of booster burnout, 
the inertial velocity and flight-path angle of the 
ferry become uniquely specified if rendezvous or 
near reudezvous is to be accomplished with onl\- 
small midcourse velocity corrections. For each 
second of delay in the time of firing of the booster 
on the ground, the station in a near-earth orbit 
will change its position by about 5 miles. There- 
fore, it appears certtiin that the conditions at the 
time of booster burnout must be varied to com- 
pensate for any delay in time. Such corrections 
could be fed into the booster guidance system 
right up to tlie instant of ground firing. Figure 13 
sho.rvs the mmner i n  which these conditions might 
\Tiiry for the rase where thc station is in a 300-mile 
circular orbit. Shown in figure 13(a) is the 
variation of ferry launch velocity and flight-path 
angle with respect to the angular separation 
hetween the spacc station and the ferry for differ- 
ent values ol the in-phne (*losing velocity, AT' 
cos p. The separation angle A 0  is positive when 
the station is diekid of the ferry. (See appendix 
C " . )  The i~bscissa is also marked in terms of ?',A@ 
w-hich is the separtition distance between the ferry 
and the space station measured in statute miles 
on the suri'wce oC tlie txarth. I t  may be seen that, 
with each increase in AT' cos /3 (over the range 
investigated), somewhat larger values of separa- 
tion distance or delayed times in launch may be 
accounted for. Also, if launch is attempted ut  
the earliest possible time and the in-plane closing 
velocity is limited to 800 feet per second, the 
sepnrntion distance can decrease from 500 miles 
to 50 miles, and thus delays on the order of 90 
seconds may be accounted for. 

Depending upon when the vehicle is launched, 
rendezvous majr occur from one-quarter to three- 
yuarters around the earth from the launch posi- 
tion. The plots of figure 13(b) show the variation 
in the distance traveled around the earth from 
launch to rendezvous for certain specified rendez- 
vous conditions. In  figure 13(b) are the values 
ol velocity and flight-path angle of the ferq- 
piotted against eL (that is. the position of the 
station a t  the time of booster burnout). Since at 
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(a) Relative position between ferry and station at launch. 

FIGURE 13.-variation of the launch velocity and flight- 
path angle of the ferry as a function of the relative and 
absolute positions of the station and ferry at the time of 
booster burnout. The variations are shown for several 
values of the closing velocity. 

rendezvous 8 = O o ,  negative values of er, tire 
shown. Contours have been drawn for launch 
conditions leading to rendezvous a t  specified 
values of the closing velocity AV cos P.  As 
previously shown in figure 12, for each closing 
vclocity there is a minimum launch velocity which 
is ttssociated with the angle of closure u=O0. 
Contours through these minimum points have 
been drawn and are indicated on the figure as 
a=O'. The solid line, marked a=O', gives the 
value of e of the station a t  the time of ferry 

A SPACE STATION AND 

AV cos 8. ft/sec 
26.400 - 

960 -100 -140 -180 -220 -260 
e', deg 

(b) Absolute position of station at launch. 
FIGURE 13.--Concludrd. 

liniiicli. The figure shows, for example, that, 
witli a closing velocity of 1,000 feet per second, 
the station is intercepted anywhere from 63' to 
246' around the earth from its position ttt ferry 
launch depending on thc launch conditions. For 
a minimum launch velocity of 25,523 feet per 
second, rendezvous will occur about 73' iu.ound 
the ettrth from the launch point rind a t  rcndezvous 
CY=OO. 

STATION IN AN ELLIPTIC ORBIT 

Trajectories.--A limited number of rcndezvous 
trtijectories were calculated for it sttttion in i ~ i i  

elliptic orbit. In order to hrtve some btLsis of 
comparison with a 300-mile circulrtr orbit, the 
elliptic orbit w t s  chosen to have t i  perigee a t  100 
miles arid an apogee a t  500 miles. The two orbits 
lire illustrttted in figure 14. 

Rendezvous was investigated u t  lour positions 
ttlong the elliptic orbit: a t  perigee (e=oo), a t  
apogee (8=lSOo), and a t  the intersection ol the 
orbit with the latus rectum (0=90', 270'). 
These rendezvous positions are also illustrated 
in figure 14. I t  was assumed that u t  rendezvous 
the out-of-plane velocity was 400 feet pcr second 
ctnd the in-plane velocity was 600 feet per second 
for a total AV of 721 feet per second. For all 
cases then, P was 33.69'. The in-plane tingle of 
closure CY u~as  varied irom zero in both negative 
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e = I800 

Rendezvous - 
Return - 
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8 

Circular 
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and positive directions until (in general) a value 
was reached where a launch from an altitude of 
60 miles was not possible. The results of these 
ralculiitioris are shown in figures 15 to 18. 

The inertial velocity of the station a t  the peri- 
gee of its orbit is 26,220.47 feet per seco~ld. The 
;~pogee velocity of A ferry on a trajectory whose 
perigee is 60 miles and whose apogee is 100 miles 
above the earth is 25,562.25 feet per second. 
Thus, the minimum closing velocity of the €wry 
and station ut the station's perigee is 658.22 feet, 
per second. Therefore, when rendezvous a t  the 
station's perigee with a closing velocity of 600 
feet per second was considered, none of the tra- 
jectories satisfied the required launch conditions 
hf=60 miles. However, a number of trajectories 
are shown in figure 15 for cases where (Y varied from 
50' to -50'. Shown on the (a), (b), tind ( c )  parts 
of figure 15 are the ?J,Z variation, the y,z variation, 
and the R , R  variation, respectively. Listed in a 
ttiblc in the figure is the minimum altitude renrhed 

/ '  
/ 

--r- 

e = 2700 

FIGURE 14.-Circular and elliptic orbits. 

loo/  

-100- 

-200- 

Ln 0) - 
E -3001 

< i  
-400i 
-500 1 
-600- 

- 7 0 0 ' 0  
-200 

40 68.99 0 
30 71 .94 0 
0 98.59 0 

- 30 71 .58 0 
- 40 69.05 0 
- 5 0  68.55 0 

a I deg 
.- - = 5 0  

-4 0 ._...~ 

..--3O 8 deg 
0 9 0  v -  

Q ,  deg 
316 0 9  
307 38 
290 27 
195 8 5  
8 8  55 
71 92 
6 3  44 

25,961 8 
26,039 6 

~ 

-200 - 

-400- 

-500-  

-40 

-3 0 

-600 + 

I I I I' -700 , ( b )  1 , 
200 400 600 800 1,000 1,200 1,400 1.600 -200 -100 0 100 200 

x, miles I, miles 

(a) In-plane variation. (b) Out-of-plane variation. 

V f 9  f t /sec 
26,038.7 
25,962.2 
25,882.8 

I 
25,632.5 
25,005 I 

0 180 
0 270 

-50,' 
I 

FrGnnE 15.-Trajectories of a ferry vehic1e:during rendezvous with a station in a 100- t o  500-mile elliptic orbit 
Rendezvous occurs a t  8=0" (perigee). AV C O S  p=600 feet per second. 
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FIGURE 15.-Concluded. 

by the ferry h,,,nt, (perigee), the 8 position of 
the station, and the inertial velocity of the ferry 
at this condition. Each of these trajectories was 
terminated when the ferry was at the minimum 
altitude. In  order to facilitate a study of these 
trajectories, most trajectories have been marked 
by a symbol when the station is a t  270', 180°, 

marked clearly, no mark was used. 
In  figure 16 are shown the trajectories obtained 

for the ferry vehicle when rendezvous occurred a t  
8=90°. All the trajectories shown are possible 
rendezvous trajectories and ticks have been put 
at the end of each trajectory to denote this fact. 
The conditions at, launch for each trajectory are 
tabulat'ed in the figure. It may be seen that CY 

varied from -60' to 100'. The lack of symmetry 
in the range of CY is due to the fact that the inertial 
velocity of the station is not alined with the X-axis 
of the station a t  the time of rendezvous. 

Figure 17 shows all the trajectories obtained 
when rendezvous occurred nt 8=180°. At 

23,868.79 feet per second while a ferry on a 60- to 
500-mile orbit will have an inertial velocity of 
23,806.80 fwt ,  per second at  this point. Thus, 
a minimum relative closing velocitj- of about 62 

I 
l and 90'. Whenever the trajectories could not be 

apogee, the inertial velocity of the st a t' 1011 was 
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feet per second is theoretically possible. For the 
specified in-plane closing velocity of 600 feet per 
second, the spread in the available a range for 
rendezvous is somewhere between f80° and rt 90'. 
Symmetry occurs because the inertial velocity of 
the station and the X-axis are again colinear at  
rendezvous. The launch conditions are tabulated 
in the figure for each trajectory shown. Symbols 
are placed on most of the trajectories to indicate 
the point a t  which e was 90'. 

I n  figure 18 the trajectories which led to ren- 

are again marked in the same fashion as shown in 
figures 16 and 17. Symbols are used to indicate 
the position of the ferry when the station was at 
0 of 180' and 90'. I n  this case CY varied from 

It is interesting to note that the maximum 
available spread in a is almost identical for ren- 
dezvous a t  8 of 90°, 180°, and 270'. I n  each 
of these cases CY varied through about 160O. This 
result was surprising in that it was thought that  
the spread in a a t  8=180° would be notably 
larger than that a t  8 of 90' and 270'. 

Considered individually, the trajectories leading 
to rendezvous with a station in an elliptic orbit 
are very similar to those obtained when the sta- 
tion was in a circular orbit. However, if con- 
sidered as families of trajectories, the families are 
markedly different. One difference is primarily 
due to the fact that  both the altitude and angular 
vclocity of the rotating coordinate system are 
going through a nearly sinusoidal, rather than a 
constant, variation with time. In  figures 16, 17, 
and 18, it may be noted that, if a line were drawn 
connecting the launch points of each of the tra- 
jectories, it would have a cycloidal character. 
With the station in a circular orbit this locus of 
launch positions was an  arc of a circle of radius 
4.020 statute miles. 

The 400-feet-per-second out-of-plane velocity 
component again produced a lateral displacement 
of the ferry of about 7 0 1 3  miles. It should be 
noted, however, that, when rendezvous occurred 
at  8-90', the launch position was less than a 
quarter of the way around the earth and the lateral 
rangc of less than 70 miles is obtained. This con- 
dition implies that for these cases the out-of-plane 
velocity of more than 400 feet per second must be 
used if a Igtcral displucemeilt of TO miles is 
required. 

~ ~ Z V Q G S  at 8=3?Oo xx s h o i ~ ~  The t r t i ject i~%s 

60' to -100'. 

(See fig. 9.) 
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FIGURE 16.-Trajectories of a ferry vehicle during rendezvous with a station in a 100- to 500-mile elliptic orbit. Ilendez- 
vous occurs at 8 = 90' ; A V  cos p = 600 feet per second. 
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(a) In-plane variation. (b) Out-of-plane variation. (c) Variation of range rate with range. 
FIGURE 17.-Trajectories of a ferry vehicle during rendezvous with a station in a 100- to 500-mile elliptic orbit. 

Rendezvous occurs at  8 = 180° (apogee). A V  cos 0 = 600 feet per sesond. 
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FIGURE 18.--Trajectories of a ferry vehicle during rendezvous with a station in a 100- to 500-mile elliptic orbit. 

Rendezvous occurs at a 8=270°,  AV cos 0=600 feet per second. 
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FIGURE 18.-Coi~cluded. 
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Boundaries of launch and rendezvous con- 
ditions.-The results of figure-, 15 to 18 and the 
equations of tippendix D h:iw heen used to suni- 
marizc boutid:iries of luuncli arid rendezvous 
conditions for the ciise where i~ sttrtion is in a 
100- to 500-mile elliptic orbit. These boundaries 
are shown in figure 19. In figure 19(:~) the range 
of possible hunch conditions is shown for ren- 
dezvous with :in in-plane velocity component of 
600 feet per second. Also shown in figure 19(1i) 
are the variations of hunch conditions when tlie 
closing velocity is vriried but the angle of closure 
(Y is held constant a t  zero. Note that for rendez- 
vous a t  8=90° and 270' that the a=O' line lies 
within the boundary. 

In  figure 19(b) the boundiiries of the conditions 
at launch are shown in terms of V, and yL of the 
ferry plotted against the imgle of closure CY. I n  
figure 19 (c) the boundiirics of rendezvous condi- 
tions, AV cos /3 and y, for the ferry iirr shown. In  
all but one case the bountltiries iire shown for 
rendezvous at 8=90', 180' :md 270' only. 'The 
one exception is in figure 19(c) in the viirintion of 
AV cos p with Q! for the c i w  of 8 = O o  (or 360'). 
It may be sccn that this contour does not intersect 
the line for AV cos p=600 feet per second. 

Par:dlel to the prrsentation m:itlc in figure 10. 
the boundiwics of figure 19 are givcn in trrms of tlie 
in-plane closing velocity with tlie assumption t1i:it 

I ( o l  I I I I 
I 

I 2 3 4 5 6 
2 5.8 OOo 

YL. deq 

(a) Variations of the launch conditions showing lines of 
a = O o  and AV cos 8=600 feet per second. 

FIGURF Ig.-Envelopes of ferry launch and rendezvous 
conditions for case of the station in a 100- to  500-mile 
elliptic orbit. Envelopes are shown for rendezvous at 
8=90°, 180", and 270' for in-plane closing velocities 
of 600 feet per second or less and for yr. 20'. 
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FIGURE 19.-Continurd. 

tlie results were not cltpendent on the out-of-plane 
velocity. With the station in :t c>ircular orbit, 
this assumption w i i s  justified by showing tliiit the 
in-plane and out-of-plmc motions were virtutillj- 
independent mid could be treated separntelj-. 
This condition has also been verified in the present 
case. h comp:irison was made of the results taken 
from figure 18 (with an out-of-plane velocity of 
400 feet per second) with those calculated with a 
zero out-of-plane velocity and with boundaries 
calculated by the method of appendix D. (In- 
plane considerations only were used.) Virtually 
no difference could be detected in the launch condi- 
tions. This fact can be appreciated by noting that 
the vector addition of a 400-foot-per-second ve- 
locity component normal to a 25,000-foot-per- 
second component produces an increase in velocity 
of about 3 feet per second. Thus, within the 
reading accuracy the plots of figure 19 may be 
applied to out-of-plane trajectories, but caution 
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FIGVRE 19.-Concluded. 

should be used if p>t30'. 
In figure 19, the wcq)t:tble riinge of variables 

again lies between boundwies defined by tlic con- 
tours for y1,=0' nrid t tic m;iximum acceptable 
(in-plme) closing vrlocit? , ;irl)ihirilJ t ~ i l x r i  to be 
600 feet per secoud. In figure 19(c) the yL=O0 
contours have brei1 c.xtcwtlcti out to the condition 
where A V  cos p= 1,000 I'cet per second in order to 
show the extreme sensitivity of this contour a t  tlie 
larger vdues of cblosiiig vclocity. In figure 1 9 b )  
the hatching h s  been left off the AV cos 0 bound- 
ary of launch veloc>ities for the sitke of clarity. 

Examination of the variations in these bounda- 
ries for rendezvous iLt the viwious positions of the 
station indicates that in the sector of the ellipse 
defined by 270' 1 e 2 90' (the apogee sector) : 

(1) The minimum values of launch and closing 
velocity do not vitry greittly ns 8 clianges. These 
minimum values occur between values of CY of 
1 2 0 O .  

(2) Relative velocity arid flight-path angle a t  
rendezvous change very little with (Y over a range 
of about 100' (fig. 19(c)). At the extreme end of 

the CY range, however, the variations of AV cos 0 
and yf ciiange very rapidly with small chwiges in CY. 

( 3 )  For z t  A I 7  cos 02200  feet per sccond, the 
total rmge of CY iivailable for rendezvous for an>- 
given \ d u e  of closing velocity is itbout t l i r  slime 
for rin>- vtilue of e. 

(4) The bouudtLry of launch conditions (fig. 
19(it)) is very ntirrow for rendezvous a t  8- 180' 
but opens up considerabl>- I'or rendezvous iLt 

(5) With li mttximum in-plane closing velocity 
component of 600 f w t  per ser*ond, t ! ) ~  !nu!ic!i 
velocity mtky be reduced by as much ILS 500 feet 
per second below that required Tor :t minimum 
closing velocity rendezvous. This result is similar 
to that noted I'or the case of the  stittion in a eircu1;ir 
orbit. 

V r ~ y  lit tle advantage can be seen for rendezvous 
in the sector between 270'<8<90° (tlie perigee 
scctor) since conditions are changiiig rupicllj 
along that part 01 the orbit. I t  can, for exaniple, 
be seen in figure 19(c) that  the iiiinimuni in- 
plane closing velocity changes froin 108 l'eet per 
second to 660 feet per second betweell the in- 
trrscotion with the  latus rectum arid perigee. 
However, it is interesting to note that tlic yL=O0 
boundary for rendezvous a t  perigee also exhibits 
the ~ c a k  variation of Av cos p with CY displayetl 
by the curves for rendezvous a t  the other three 
positions. 

Variation of conditions with launch time,- 
I n  tlie case of tlie station in a circular orbit, the 
variation of the launch conditions and tlie time 
available for launeh were limited only by tlie 
desired closing velocity. The down-range posi- 
tion at which rendezvous was to occur was not 
important because there was only one possible 
orientation of the orbit of the station with re- 
spect to the circular earth. With the station 
in an elliptic orbit this limitation no longer exists. 
Because the station velocity and altitude are 
changing continuously, the orientation of the 
station's orbit and down-range position of the 
station a t  which rendezvous is to occur will 
directly affect the launch conditions. Although 
each position of the station is unique, the trend 
of the change in launch conditions with the value 
of e at rendezvous can be seen in figure 20. 

Figure 20(a) shows the relative position of the 
station and ferry a t  the time of ferry launch. 
The scales shown along the abscissa give both 

e=9Oo itlid 270'. 
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pcr second. 

the separation angle measured from the center 
of the earth A 0  and the separation distance 
measured o v ~ r  the surface of the earth rJ0 .  
Positive values of A 0  are used when the station 
is alieatl or the ferry a t  tlie time of launc*h. Fig- 
i i r ~  20(b) shows tlie absolute positiori of tlie station 
at tlic tiiiic of ferry launch when reiitlc>zvous is 
to owur at 600 feet per second at  8=90°, 180°, 
aiitl 270'. The values of OL shown on thc. abscissa 
arc in agrecment with the definition of 8 for 
t in elliptic. orbit; namely, oL=Oo nieaiis that the 
I'crry lauiicli occurred when the station was at 
the perigce of its orbit. I t  rimy be noted that 

u t < 26,400 - 
r 

26,6001 

< 26,400 

26.200 

26,000 
2: 

u 

- 
r 

I 

25,800 
160 I 20 80 40 0 -40 

@ L 1  de9 

61- 8 at rendezvous. deg 

5 1  

QL deg 

(b) Boundaries of launch conditions as a function of the 
absolute position of the station a t  launch OL. 

FIGURE 20.-Concludcd. 

the curves of figure 20 arc tlie contours for AV= 
600 feet per second O S  figure 19 and that the 
yL=O0 contours could be used to close the 
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1 
~~ 

boundaries. 
Figure 20(a) indicatcs that launch times are 

very limited if rcridczvous is to bc macle a t  0=90°. 
For this case the station must be somewhere 
between 125 statutc iiiilcs behind to 130 statute 
miles ahead of thc ferry at  the time of launch. 
This total spread of 255 statute d e s  is compa- 
rable to roughly 380 nlilcs when the station is 
in a circular orbit, where in both cases the in- 
plane closing ve1ocit.v is 600 feet per second. 
Rendezvous at 0=180° arid 270' offer a larger 
spread in launch time. 

I n  figure 13(a) i t  was shown that, with the 
station in a 300-mile circular orbit, most of the 
possible launch conditions occurred with the 
ferry behind the station. For the station in 
a 100- to 500-rnilc elliptic orbit, figure 2O(a) 
shows that the relative positions a t  launch are 
about equally divided between the ferry ahead 
of or behind the  station. 

Figure 2O(b) shows that a rendezvous a t  0=90° 
can be obtained by launcliirig from a position 
between 0= -41' md 44' and that the launch ve- 
locity changes less than 300 feet per second between 
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the two extremes. Thus a rendezvous could 
occur a t  a position 46' (90'-44') down range 
froni the launch if all other conditions were met. 
Rendezvous a t  180' and 270' positions require 
progressively longer down-range distances. 

DISCUSSION 

In  the foregoing sections, typical trajectories 
leading to rendezvous witli a station in an elliptic 
and a circular orbit were illustrated. Boundaries 
which define the allowable launch and rendezvous 
ronclitiom were dso cleve!oped. There is, ef 
course, nothing unique about the particular 
orbits chosen as examples. The range of allowable 
near-earth orbits is usually restricted to the 
region above the sensible atmosphere of the earth 
and below the Van Allen radiation belt. An 
altitude of 300 miles has often been considered 
a mean value for this region. 

The trajcctories were littiited to those which 
produced a closing velocity a t  rcndezvous of 1,000 
feet pcr second or less. This liniitation was im- 
posed sincc, according to the formula for an 
impulsive vclocity change 

. .  

a A V  of 1,000 feet per second represents about 
12.5 perccnt of the payload of the ferry (1, ,=250 
seconds). The results show, however, that this 
incrcase in the closing velocity is not entirely lost, 
since in most cases therc is a reduction in the 
launch vclocif>. If the closing velocity is in- 
creased from the minimuin of 360 feet per second 
to a value of 1,000 feet per second, the launch 
velocity iiiaj- be reduced from a value of 26,125 
feet per second to a value of 25,525 feet per second. 
(See fig. 1O(b).) Thus, an increase in the relative 
velocity a t  rendezvous of 640 feet per second may 
be compensated by as ntucli as a 600-foot-per- 
second reduction in lauricli velocity. This large 
reduction in launch velocity is, of course, realized 
only a t  one instant of launch tinic and any error 
in this launch time will lead to a requirement for 
soincwhat larger launch vclocitics for the sanie 
closing vclocity. 

K i th  reference to launch tinies, it is interesting 
to note in figure 13(a) that, rcgardlcss of the clos- 
ing velocity, the station cbannot bc more than 
about 540 itiiles ahead of tlie f'crry a t  the tiilie of 
launch in order to achieve rc.ndezvous in a 300- 

niile circular orbit. Increasing the closing velocity 
allows the ferry to be launched a t  an earlier time 
but does not allow the ferry to be launched at  a 
later t inie . 

The results show that the out-of-plane motion 
of a ferry may be treated as virtually independent 
of the in-plane motions. If rendezvous is to 
occur after the ferry has passed more than a 
quarter of the way around the earth, the ferry 
map be launched in a direction parallel to tlie 
orbital plane of the station. At a point a quarter 
of tlie w a y  arouiid hiit: ear~li ,  Liie lerry wiii pass 
through the plane of the station's orbit and an 
attempt should be made to bring the out-of-plane 
velocity i to zero. The cost of this maneuver will 
be a function of the out-of-plane distance at 
launch and is given by equation (1) .  If rendezvous 
is to occur at a point less than a quarter of the way 
around tlie earth from launch, the ferry must have 
a i component at launch sufficient to insure that 
thc ferry will intersect the plane of the station's 
orbit lwfore or a t  the time of rendezvous. One 
reason for this prior intersection, other than sim- 
plicity of injection guidance, is found in the fact 
that the inertial velocity of the ferry is lower 
before the ferry is injected into orbit than it is 
af tcrwards. Tliereforc, the out-of-plane velocity 
corrections will be smaller. 

In the case where the station is in an elliptic 
orbit, it appears that the variation in the launch 
conditions could become very critical. The results 
of the one elliptic orbit considered indicate that 
perigee would be the least desirable position to 
attcnipt rendezvous and near apogee, the most 
desirable. Xear apogee, the available launch time 
is relatively large, the rcquircd injection velocity 
is a. ininiinuni, and the conditions a t  rendezvous 
arc rclativel>- invariant with the angle of closure 
over a fairly wide range of conditions. Rendezvous 
between perigee (0=0°) and the ascending intcr- 
section with the latus rectum (0=90°) offers one 
advantage in the form of having the rendezvous 
occur relativel>- close to the launch site (on the 
order of 45' down range compared with 90° to 
180' around the earth for rendezvous at apogee). 

The choice of positions of the station at  the tinie 
of rendezvous xilay, of course, be somewhat aca- 
dctnic since in practice the orbit of the station 
mist also pass relatively close (laterally) to thc 
launc~h site at the tirnc of launch. Thus, wlicn 
the  station is in an elliptic orbit, some cornpromise 
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mag be necessary- between an orbital pass that has 
favorable lateral characteristics and one that has 
f avorablc orientation cliaracteristics. With a cir- 
cular orbit, this orient ation probleril does riot arise. 

In programing t h  launch conditions to coni- 
pensate for dela>-s in 1aunc.h time, rendezvous with 
a station in an elliptic orbit appears to be 1110rc 

difficult than that of a station in a circular orbit 
since the altitude, velocity, and down-range posi- 
tion of the station a t  which rendezvous is to occur 
arc constantly changing with time. The results 
shown in figure 20 indicate that these changes arc 
not severe for the example orbit but would prob- 
ably become more severe as the eccentricity of the 
station’s orbit is increased. 

CONCLUSIONS 

It iiiaj- be concluded that, for an\- orbit that i l  

space station ma>- have, t ticre is a family of trajcc- 
tories leaving the earth’s atinosphere with different 
velocities and along diff crcrit flight paths which, 
without further thrusting, will terminate a t  sonic 
instantaneous position of the station. Tliese fani- 
ilies inaj- be coniputctl a i d  the launch conditions 
required for rendezvous determined. Tlic equa- 
tioiis and procedures have been developed for 
computing tliesc trajcc’torics and the proper 
launch conditions (at tiine of booster burnout). 

Typical calculations 1iiLve been perforincd for t i  

station in n circuliir orbit 300 rides above tlic cart11 
and for a station in im elliptic orbit having a perigee 
100 miles and an iipogce 500 iiiiles above the earth. 
These numerical studirs indicate that the launch 
velocity iiiaj- be reduced 21s tile closing velocity is 
increased but, in no case, is the su in  of the two less 

than that ohtainetl for the Hohinnnn ellipse. As 
the allowtiblo closing velocity is increased, the 
range of possible lnunc-h ant1 rendezvous conditions 
increases and the t iiiic iiviiilable for launch in- 
creiises. If the closing velocity between the two 
vehicles a t  rendezvous is liinited to about 500 feet 
per second above the iiiiiiiiiiuii1, rendezvous will 
generally occur with the station overtiking the 
ferry. However, with the station in an elliptic 
orbit, rendezvous c:iii occur with the ferry over- 
taking the station from above or below-. In 
either case the rate of closure approiiclics n con- 
stant and reniains esseiitinlly consttint during the 
last few minutes before rendezvous. ‘I’his concli- 
tion, which is indiciitive of a collision course, 
could provide i i  crit crioii for guidance during the 
teriniiial phase. 

If the station is in i i n  elliptic orbit, rentlczvous 
appears to be ~iior(’ dcsiriible neiir apogee than 
near perigee. Furt1ierinorc, i t  appears that launch 
guidance for rcntlczvous with a vehicle in an 
elliptic orhit will lw inore critical that  that for one 
in a circular orbit ; however, once l:iunched, the 
range and variiitioii of available rendezvous condi- 
tions malie rendezvous with a station in im elliptic 
orbit inore fnvortible if rendezvous is to occur 
soinewherc n e w  iipogec. In either ciise, howcvcr, 
i t  appears thiit tlic prediction of tlcsiriiblc rcndez- 
vous trajectories is feiisible i d  t h t  liiunch and 
probably ~nidcoursc guitliiiice will be n 
allow for cleliigs in Inuiich time and to insure that 
the proper trajectory is established. 
L A N G L E Y  RESEARCH C E N T E R ,  

S A T I O S A L  AEROSAUTICS A 3 U  S P A C E  . 4 D M I l I S T R A T I O S ,  

LANGLEY FIELD, V A . ,  October 27, 1960. 



APPENDIX A 
EQUATIONS OF MOTION OF A MASS AS MEASURED IN A ROTATING FRAME OF AXES WHICH FOLLOWS 

A KEPLERIAN TRAJECTORY 

Tlie iiietliod of Lagrange is eiiiployed in deriving 
the equations of motion based on the kinetic and 
potential energy of the mass at :~ny  instant. 
Sketch 1 slioms the coordinates and the velocity 

Y 

Z 

L 
Sketch 1 

notation eriiployed. 
given by 

The position of the inass is 

r,= rs + R (All 

The velocity of the iiiiiss with respect to the 
center of tlie earth’s gr:ivitwtioiial field (taken as 
the nbsolute sj-steiii) iiiitl with respect to  tjhe 
rotiiting s,y,z coorcliii:ite system is given by 

where the prinie denotcs tlie change as seen from 
the origin of the coordinate system. The vectors 
iii eqiiiitioii (A2) linve t l i c  coriiponeiits 

d i e r e  T,  and 6 are not coordinates of the mass but 
are specified time-depeiitlcnt parameters. The 
absolute velocity of the iiiiiss in terms of the coor- 
dinates ~ , y , z ,  arid the parameters T,,  8 is then 

V=i[*- (y+rs)0]+j(Ij+l‘,+z0) +k( i )  (A3) 

‘L’lie kinetic energy of tlic inass is then 

33 
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With the kinetic and potential energy thus 

I specified, the Lagrangian 

I LzT-TJ (-46) 

can be formed and the Lagrangian operation 

- (”) - --_ aL-Fi ( i=l ,2 ,3)  (A7) d t  bqi dqi 

performed for the equntions of motion in terms of 
the coordinates 2, y, arid z (which are ql, pz, and 
p3 in eq. (A7)). 

After the indicated operation of equation (A7) 
is made, the equations of motion are 

J 
(AS) 

The symbols T,, Tu, and T ,  denote the thrust 
forces acting on the mnss in the 2-, y-, and e- direc- 
tion of the station coordinate system. The 
radial distance from the center of the gravitation 
field to the mass is 

The equations which specify the variation of r ,  
and 0 are tlie Kcplcrian equations: 

J r,20 = C, 

where C, is the constant angular momentum of the 
space station. Since equations (AZO) can be 
solved in closed form, it is normally more con- 
venient to specify the conic section in terms of its 
characteristic constants m d  the initial position of 
the station. For an ellipse, one may define 
O=Oo at the perigee and define the perigee rs ,p ,  
the apogee T ~ , ~ ,  and tlie initial position of tlie 
space station in the ellipse 8,. With these 
definitions, the following relationships can be 

obtained : 

t,he semimajor mis : 

tlie eccentrici t J- : 

and t’he angular momentum: 

Equations (A10) can then be replaced with , 
I 

and the time derivatives 

For calculating the line-of-sight range between the 
two vehicles and the time rate of change of that, 
range, the expressions 

(-417) 

may be used. 
It should be noted that the velocities measured 

from the rotating frame of axes in the space station 
are not the same as those that would be measured 
from the absolute frame of axes fixed a t  the 
center of the earth. As can be seen from equation 



A STUDY OF THE POSITIONS 

(A3), the proper relationships are 

v,=+ (y+rs> i, 
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where V=- dr, is given by equation (A3) aiid the 
clt 

vertical bars denote the absolute value of the 
resulting vector. The condition that the total 
energy remain constant requires that 

VZ= V,Z + v,z +v: J 
where V,, T.;, and V, are the components of t l ie  
inertial velocity of the ferry in the direction of 
the X-, Y-, and 2- axes, respectively, as measured 
on the iioiirola iirig earth. Velocity components as 
measured by a tracking station on a rotating earth 
could be obtained but these are not necessary to 
the subject of this paper. 

Two additional equations can be obtained which 
mag prove useful if the differential equations are 
solved by numerical integration processes such as 
used by digital computers. Regardless of the 
orbit thiit is followed, if the forces are conservative 
(that is, :wrodynnmic forces arid thrust are zero), 
the angular momentum and the total energy of 
the ferry vehicle must remain constant. The re- 
quirement that angular momciitum be conserved 
requires that 

jr,X VI =C,=Constant (-419) 

T+ U=E,=Constant (-420) 

Equations (A19) and (AZO) are the first integrals 
of the motion of the ferry vehicle in terms of the 
coordinates of the space station. If Cyf and E, are 
evaiuated by using the iriitiai coiiditions, a t  any 
point on the trajectory the degree of accuracy of 
the numerical solutions may bc determined by 
again computing either Cyf or E, wid comparing 
the percent of c11:mge. In the case of the angular 
momentum, it is suggested thikt the vector quanti- 
ties be cvduittctl in numerical form since the 
nnalyticul expression is very cumbcrsomc. How- 
ever, for the simplified case of coplrmar motion of 
the ferry rchicle ;= X=O, tlie expression becomes 
simply 



APPENDIX B 
EQUATIONS OF MOTION AND APPROXIMATE SOLUTIONS TO THE MOTION OF A MASS AS MEASURED 

IN A ROTATING FRAME OF AXES WHICH MOVES IN A CIRCULAR ORBIT 

For the case where the space sttition, arid hence, 
the rotating frame of tixes moves in a circular (or 
very nearly circular) orbit, the equations of ap- 
pendix A may be simplified. 

r, = Cons tan t 
8=Constant=w 

If 

(R1) 

the differential equations (AS) become 

field of the earth. If i t  is desired to go a step 
further and to consider cases where the ferry is 
never more than 100 or 200 miles from the station 
(in a circular orbit), very good approximate 
solutions can be obtained to equations (B2). The 
method given in reference 6 and first noted in 
reference 7 requires the expansion of r,-3 into a 
power series 

In  the series, the terms of second order and higher 
are dropped. Substituting 

J 
The radial distance to the ferry vehicle is defined as 

r , = I ~ 2 + ( ( Y + T s ) 2 + Z 2 ] 1 ' 2  033)  

and the orbital equations (A10) give the expression 
for w in terms of the radius r ,  as 

into equations (B2) and dropping the nonlinear 
terms containing y/r,  gives a set of linear ordinarF 
differential equations: 

In  these equations it is an implicit assumption 
that the mass of the station, the mass of the ferry 
vehicle, the gravitational attraction between the 
two masses and any other planetary bodies are all 
negligible compared with the mass and gravitation 

On a nonthrusting trajectory, the position and velocity of the mass at  any time are given in terms 
of the initial conditions by the homogeneous solutions: 

x=2 (2 $--3y0) sin ut-2 2 7j cos W t +  

W 

ii j. ) cos ut+" sin wt+4yO-2 2 y= 2 0-3y0 w w ( t 
7. J z= zo cos w t  +" sin w t  
W 
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i=2 (2 $-3y,) cos wt+2 2 Y sin wt+6yO-3 

-=-(z ir 2-syo) sin w t + s  Y cos w t  

w W 

I 

w w 

. .  e . .  

- 6 6 0  

o w  
- - - cos ut- z, sin wt 

It may be noted that all these quantities, wit,h the 
exception of 1: which increases linearly with time, 
are periodic in time. 

As a check on the numerical examples of this 

ferry) ejected from the space station a t  time zero 
with the velocity components x,, yo, and io can be 
obtained a t  any subsequent (or prior) times by 

I 
paper, the position and velocity of a mass (the 

I 

that  x=y=z=O when t=r yields 

t 
J 

setting zo=yo=zo=O in equations (B8) and (B9) 
and solving for x ,  y, 2 ,  2 ,  j l ,  and i at time t (or -t). 

On the other hand, if the position of the ferry is 
known a t  any time, for exrtinple, t=0, the velocity 
coniponents of the ferry relative to the space 
station necessary to rendezvous at some time r in 
the future can be obtained by putting equations 
(B8) in a slightly different form. Requiring 

2-2  cos w T 1  { :} +[ 1 6wr-6 sin UT]{ [r} 
sin WT - 0 4-3 COS WT 

w 

i O=z, c o s u r + ~ s i n w ~  
W 

Solving for the velocities in terms of the displace- 
ment,s gives 

ko 
w A 

&-2s, (~-coswT)+?/ ,~ .~ (4sinw~--:~w~ COSWT) 

W A 

x, sin w~+y,  [ & I T  sin UT-14 (1-cos UT)]  -= 

- __ _ _ ~  

where 

A = ~ w T  sin OS--8 (1-coswr) 

Again, i t  should be noted that the velocity com- 
ponents of tshe ferry as measured from the space 
station are iiot the same as the components meas- 
ured from a nonrotating earth. The proper 
relationships are obtained from c.quutiori (A3) as 

V,=k-(y+T,) w 

J 



APPENDIX C 
POSITION AND VELOCITY OF FERRY WITH RESPECT TO EARTH-FIXED COORDINATE SYSTEM 

The position of the ferry vehicle as seen from 
t,he center of the earth will be defined with the 
spherical coordinates rI,  A@, and { as shown in 
sketch 2. The anglc A 0  lies in the orbital pla~ie 
of tlie station and the angIe { is measured normal 

Y 

z 

Sketch 2.  

to the orbital plane. In terms of' coordinates of 
the spacc station, these earth-measured coordi- 
nates arc defined by 

2 Ae=tan-' - 
y+rs 

r,= [x2 + (y +r,)2 + z2]1/2 

The velocity compoiients ol  the ferry agmeas- 
ured i n  a ('artesian frame of axes fixed at  the 
center ol t l i r  earth were giveii by (.quatioris (A18) 
arid (R11) for the  two classcs ol' orbits considerc.d. 
If these vvlocity compotic.iits arc rotated first 
through the  angle A 0  arid t l i e t i  through the 
angle l, tlic spherical velocity components arc 
given by 

V,=r",=(V, sin AW-V, cos A8)Icos l+Vz sin { 

V, = r,i= - (V, sin A 0  + Vu cos A@) sill l+ 17z cos l 
Ve=rl cos 5+A@=57z cos AO-V, sin A@ 

and arc shown in sketch 2 .  
The vt.locity componclrits 1-r arid 'IS define 

the. plane of the local liorizoiital anti the total 
tangential (horizontal) component of the  velocity 
is 

I 
(C2) 

Vt = i'Vrz+ Ve2 (C3) 

and makes an  angle 

with the plane of the station's orbit,. 
the resultant velocity vector and the local horizon and is givrn by 

The local flight-path angle is defined as the angle between 

(C.3 V, -y,=tan-' - 
Vt 

It should be noted that the in-plane angular position of the ferry with respecst to the reference 
position e=o is given by the angle 8-A8=8,. 
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APPENDIX D 

ANALYTICAL CALCULATION OF BOUNDARIES OF LAUNCH AND RENDEZVOUS CONDITIONS 

The boundaries of launch and rendezvous 
conditions, given in figure 12 for a circular orbit 
and in figure 19 for an elliptic orbit, can be calcu- 
lated analytically from relatively simple con- 
siderations. Since the procedure for calculating 
iiie boundaries is the same for either type oi orbit, 
the equations are given for the more general case 
of the station in an elliptic orbit. The simplifica- 
tions obtained with the station in a circular orbit 
will then be noted. 

For a specified orbit of the station whcrc 
rendezvous is to occur a t  the angular position 8, 
the conditions a t  that, position are given by 

A(1- E') 

1+e cos 8 r, = 

The expressions for A arid e are given 
A. (See eqs. (Al l )  arid (Al2j.j 

In  order to obtain the yL=Oo bouiitiarics for 
rendezvous at  the specified position of the station, 
the perigee of the ferry trajectory is held fixed a t  
the launch altitude so that 

and the apogee radius is varied from thc radius 
of the station rs over a range of values greater than 
rS. For each value of r/,a that is chosen, the 
associated launch conditions are 

The velocity and flight-path angle of the ferry a t  

rendezvous are obtained a t  the condition r f = r s ;  
t tierdore, 

'The relative velocity cornporientsTare 
from the relations 

x=v, cos ys-V,  cos y f  

jl=VJ sin y/-T', sin ys 

The situation is shown 111 sketch 3. 

Y 

(D6) 

037)  

computed 

Note that 

Skctch 3 

only coplanar motion is consitlcred here ; there- 
fore, with p=O, AIr is used instead of AT' cos p. 
The velocity and anglc of closure are then ob- 
taincd from the relations 

Thus, cquations (DI) to (D3) give the station 
conditions a t  rendezvous; equations (D4) and (D5) 
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give the ferry launch conditions; equations (D6) 
ant1 (Di’) give the ferry rendezvous conditions; 
antl equations (D8) and (D9) give the relative 
conditions at rendezvous. 

Thc constant A I 7  boundaries are obtained by 
following the procedure 111 revcrsc. By holtlitig 
AI’ constant and varying a ,  one obtains 

Thus, AIT and LY are specified; equations (D10) 
and ( D l l )  give the ferrj- conditions at  rendezvous; 
arid equations (D12) and (D13) give the ferry con- 
ditions a t  launch. This procedure may also be 
followed for contours of constant a and variable AT7. 

Extreme caution should be exercised in tlie use 
of equations (D10) to (D13). When AI7 is close 
to its minimum possible value and also when yL 
approaches Oo, the equations become particularly 
sensitive to small computational errors. 

When the station’s orbit is circular, all the above 
equations still hold with the simplifications that 

T7,-2=T7~+AV2-21‘sAT’ COS (a+yS)  (D10) 

Without calculating the pcrigcc or apogcc of the 
transfer ellipse, the conditions at  ferry launch are 
obtained from the expressions of constant t80tal 
energy arid corist8ant angular mometituni : 

since 

rs=A 

antl tlic absolute value of e a t  tlie time of ren- 
clt~zvous is 110 longer relevant. 
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